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Abstract
This work generalizes the treatment of flat spin connections in the teleparallel equivalent of
general relativity. It is shown that a general flat spin connection form a subspace in the affine
space of spin connections which is dynamically decoupled from the tetrad and the matter fields. A
translation in the affine subspace introduces a torsion term without changing the tetrad. Instead,
the change in the torsion is related to the introduction of a global acceleration field term that
introduces Lorentz inertial effects in the reference frame. The dynamics of the gravitationally
coupled matter fields remains however equivalent regardless of the flat spin connection chosen.
The implications of the break of this invariance by a general f(T ) and f(R) is discussed.
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I. INTRODUCTION
The description of gravitational interaction changed after A. Einstein proposed his Gen-
eral Relativity (GR) theory [1] to extend the Special Relativity (SR) for accelerated observers
and to include the gravitational interaction. Since then, predictions of GR such as the deflec-
tion of light [2], the precession of the perihelion of Mercury [1], the gravitational redshift of
light [3], or the gravitational waves [4] have been tested to great detail. GR thus remains as
the best description of gravitational phenomena. Still, important challenges remain mostly
related to the quantum formulation of the theory. Reaching a formulation of a normalizable
quantum theory of gravitation with predictive power will require deeper understanding of
the nature of gravitational processes. The loop quantum gravity [5] and spin foams [6] are
promising candidates for a quantum theory of gravitation, and the string theory [7] promises
to unify the description of the four fundamental interactions. However, the research program
followed by both approaches have evolved with difficulties and many open questions remain.
The Teleparallel formulation of Gravity (TG) is a particular case of the Poincare Gauge
Theories [8] which implement the local Poincare symmetry in addition to the covariance
under coordinate transformations in a metric gravitation theory. The teleparalell equivalent
of GR (TEGR) uses flat spin connections Aabµ, with vanishing curvature and non-zero
torsion, to extend the invariance under global Lorentz transformations of SR to local Lorentz
transformations in the internal algebraic space. The TEGR was formulated by Hayashi et
al. [9], and it was subsequently extensively discussed by Aldovandri et al. [10]. The canonical
formalism has been also investigated in Blagojevic´ et al. [11–13], Maluf et al. [14, 15] and
Ferraro et al. [16]
Contrary to the Levi-Civita connection of GR, Aabµ is not uniquely determined by the
tetrad. Often the space-time counterpart, the Weitzenbo¨ck connection Γαβγ = h
ρ
a ∂γh
a
β, is
used with Aabµ set to zero. This work analyzes the role of non-zero A
a
bµ in the teleparallel
formulation of gravity (TG). It discusses also the consequences for f(T ) and f(R) modifica-
tions. Section II describes the main characteristics of the TEGR spacetime, the Weitzenbo¨ck
spacetime, and section III gives the Lagrangian formulation and the Euler-Lagrange equa-
tions. Section IV introduces a gauge transformation of the flat spin connection that leaves
invariant the dynamics of the gravitational system coupled to matter fields and discusses
the kinematical character of the flat spin connection. Finally, section V discusses the conse-
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quences of non-observable Aabµ for f(T ) and f(R) modifications of TEGR. The main con-
clusions are given in section VI. Throughout the text, latin {a, b, c, ...} and greek {µ, ν, ρ, ...}
letters are reserved for indices of the internal (Minkowski) space and the Riemann spacetime,
respectively.
II. WEITZENBO¨CK SPACETIME
The teleparallel spacetime is composed by an internal algebraic tensor space with a
Minkowski metric ηab and a Riemann spacetime with coordinate {xµ}. [10] The fundamen-
tal quantities describing the gravitational field are the tetrad form haµ(x) and a flat spin
connection Aµ =
1
2
AabµSˆab, a one-form which assumes values in the Lie algebra of the Lorentz
group Sˆab, and has null curvature
Rabµν = ∂µA
a
bν + A
a
cµA
c
bν − (µ↔ ν) = 0. (1)
The torsion, on the other hand, is not zero
T aµν = ∂µh
a
ν + A
a
bµh
b
ν − (µ↔ ν) 6= 0. (2)
The tangent bundle of the Riemann spactime and the internal space are soldered by the
tetrad form haµ(x). The inverse of the tetrad form h
µ
a (x) is determined by h
a
µ(x) h
µ
b (x) =
δab and h
a
µ(x) h
ν
a (x) = δ
ν
µ. The metric of the Riemann spacetime is
gµν = ηabh
a
µh
b
ν , (3)
Using this relation the tetrad can be determined from the Riemann metric up to a local
Lorentz transformation, h′a = Λab(xµ)h
b. Space-time forms φµ and Minkowski forms φa are
soldered by the tetrad φµ = h
a
µφa, and space-time vectors φ
µ and Minkowski vectors φa by
the inverse tetrad h µa φ
µ = h µa φ
a. The Fock-Ivanenko covariant derivative [17] Dµφ
a, is
defined in the Teleparallel spacetime with the flat spin connection Aabµ. For a vector φ
a it
writes as
Dµφ
a = ∂µφ
a + Aabµφ
b. (4)
The soldering condition h ρa Dνφ
a = ∇νφρ links the Fock-Ivanenko derivative to the spacetime
covariant derivative
∇νφρ = ∂νφρ + Γρµνφµ (5)
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which uses the Weitzenbo¨ck spacetime connection [18] with non-zero Aabµ:
Γρµν = h
ρ
a ∂νh
a
µ + h
ρ
a A
a
bνh
b
µ (6)
Both connections fulfill the metric compatibility condition.
∂νh
a
µ + A
a
bνh
b
µ − Γβµνhaβ = 0 (7)
Under a local Lorentz transformation Λab(x) in the internal Minkowski space, the Fock-
Ivanenko derivative transforms covariantly,
Dµφ
′a = Λab(x)Dµφ
b (8)
and the connection acquires a vacuum component
A′abµ = Λ
a
c(x)Λ
d
b (x)A
c
dµ + Λ
a
c(x)∂µΛ
c
b (x) (9)
Nonetheless, the equivalence principle requires that the minimal coupling of gravity to
matter uses the Levi-Civita connection,
ω˚abµ = A
a
bµ −Kabµ = −
1
2
(
t ab µ + t
a
µ b − tabµ
)
(10)
with Kabµ = 1/2
(
T ab µ + T
a
µ b − T abµ
)
the contortion tensor of T abµ and t
a
µν = ∂µh
a
ν−∂νhaµ.
Although Aabµ enters the definition of ω˚
a
bµ as the only connection of the theory, notably, it
is missing from the final expression.
III. LAGRANGIAN FORMULATION
The Lagrangian density of the TEGR is a written using haµ and A
a
bµ and it includes
kinetic terms for ∂νh
a
µ
LG =
h
2κ
(
1
4
T ρµνT
µν
ρ +
1
2
T ρµνT
νµ
ρ − T ρµρT νµν
)
(11)
κ = 8piG/c4 and G the Newton’s constant. It is equivalent to the Lagrangian density of GR
up to a divergence surface terms [14]
LG =
1
2κ
√−gR˚− ∂µ
(
h
κ
T νµν
)
(12)
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with R˚ the curvature of ω˚abµ. The counterpart of the equation of Einstein is obtained varying
the total lagrangian against the tetrad δ (LG + LM) /δh
a
µ = 0:
∂σ (hS
ρσ
a )− khρa = kΘ ρa (13)
with hΘ ρa = −δLM/δhaρ the energy-momentum source tensor, S ρσa the superpotential
S ρσa = K
ρσ
a − hσaT θρθ + hρaT θσθ (14)
and  ρa the gauge current
ρa =
1
k
h λa S
νρ
c T
c
νλ −
hρa
h
LG +
1
k
AcaσS
ρσ
c (15)
A conservation law exists for Θ ρa and 
ρ
a
∂ρ (kh
ρ
a + kΘ
ρ
a ) = 0, (16)
that can be interpreted as a conservation law for the matter and the gravitational potential
together. The gauge current ρa has a pseudotensor term
1
k
AcaσS
ρσ
c which accounts for
Lorentz non-inertial effects and can be eliminated by choosing a Lorentz inertial reference
frame Aabµ = 0. In (Lorentz) inertial frames a strict energy conservation law exists for
matter and gravitation.
The Lagrangian density of matter is written using the Levi-Civita connection ω˚abµ un-
der the minimal coupling prescription LM
(
φi, ∇˚νφi, haµ
)
. Due to the independence of
ω˚abµ of A
a
bµ, the Lagrangian density of matter depends only on the field, the tetrad, and
their derivatives LM
(
φi, ∂νφ
i, haµ, ∂νh
a
µ
)
. The total Lagrangian LG + LM depends on
Aabµ only in the total divergence of Eq. 12 and consequently the Euler-Lagrange equations
δ (LG + LM) /δA
a
bµ = 0 are trivially zero. However, the flattness of the spin connection is
forced adding a Lagrange multiplier
LR =
h
2κ
λ bµνa R
a
bµν (17)
which includes a kinetic term for Aabµ. The resulting Euler-Lagrange equations only set
constraints for the the Lagrange multipliers λ bµνa and leave the flat spin connection unde-
termined.
Dν
(
hλ bνµa
)
= κΦ bµa = 0 (18)
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The spin angular momentum of matter fields Φ bµa = δLM/δA
a
bµ is identically zero, what
leaves λ bµνa decoupled from the matter fields. However, the terms coming from the variation
of the Levi-Civita connection
∂LM
∂ω˚cdσ
∂ω˚cdσ
∂
(
∂νhaµ
) (19)
are characteristic of Teleparallel theories in that they contribute to Θ µa .
IV. TRANSFORMATIONS OF THE CONNECTION
The set of all flat spin connections Aabµ form a subspace DA in the affine space of the
metric spin connections. One point in DA can be parametrized with the 6 degrees of freedom
of a local Lorentz transformation
A a0 bµ = Λ
a
c ∂µΛ
c
b. (20)
On the other hand, the free components are counted after subtracting the null curvature
conditions Rabµν = 0 from the 24 non-zero components of A
a
bµ. The curvature tensor has 36
non-zero components and the second Bianchi identity ∂σR
a
bµν + ∂µR
a
bνσ + ∂νR
a
bσµ = 0 sets
24 constraints, resulting only 12 independent. Therefore Aabµ is left with 12 free components,
but only six degrees of freedom are required for local Lorentz transformations of Aabµ. The
other 6 degrees of freedom leave room to define an origin A a0 bµ in DA. A general A
a
bµ can
be written as
Aabµ = Λ
c
b (x)Λ
a
d(x)A
d
0 cµ + Λ
a
c (x)∂µΛ
c
b(x). (21)
The Lorentz transformation will also act in all Minkowski tensors, including the tetrad
haµ, but the capacity to define an origin in DA reflects the decoupling of the dynamics of
the gravitational system from Aabµ. In fact, a gauge transformation can be defined for A
a
bµ
based in this property. For that purpose, it will be shown that a new flat Lorentz connection
A˜abµ = A
a
bµ + G
a
bµ and Weitzenbo¨ck spacetime connection Γ˜
α
βµ = Γ
α
βµ + h
b
βh
α
a G
a
bµ exist
for the tensor
Gabµ = Λ
a
c (x)DµΛ
c
b(x), (22)
with the covariant derivative defined using Aabµ. The Lagrangian density of matter LM is
invariant under any gauge transformation of Aabµ and the Lagrangian density of TEGR LG
is also invariant up to a surface term which do not affect the equations of motion. Finally,
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the null curvature condition LR remains trivially invariant because the new Γ˜
α
βµ is also a flat
connection.
However, the kinematical transformation affects in a non-trivial way the torsion.
T˜ aµν = T
a
µν + G
a
bµh
b
ν − Gabνhbµ (23)
To analyze how the torsion changes, the tetrad will be decomposed in a trivial tetrad full-
filling Dνe
a
µ = 0 and an anholonomic term B
a
µ.
haµ = e
a
µ +B
a
µ (24)
Under this decomposition the torsion is written as
T aµν = DµB
a
ν(x)−DνBaµ(x). (25)
After a transformation of Aabµ, the trivial tetrad and the anholonomic field acquires a global
acceleration field αaµ
B˜aµ = B
a
µ + α
a
µ (26a)
e˜aµ = e
a
µ − αaµ (26b)
determined by the conditions
D˜ν e˜
a
µ = 0 (27a)
h˜aµ = h
a
µ (27b)
The condition determining αaµ given G
a
bν do not depend on the tetrad or the gravitational
potential Baµ
Dνα
a
µ = G
a
bν
(
ebµ − αbµ
)
(28)
keeping the relation valid under coupling to matter fields. The new torsion T˜ aµν is
T˜ aµν =
1
2
T aµν + A
a
bµα
b
ν + G
a
bµ
(
Bbν + α
b
ν
)− (µ↔ ν) . (29)
The tensor Gabµ generates a gauge transformation of A
a
bµ which introduces a global accel-
eration field in the reference frame which does not change the dynamics of the gravitational
field and the matter fields. Moreover, the gauge symmetry allows, at least at classical level,
choosing a zero Lorentz connection and cancel the inertial effects. However, Aabµ remains as
part of the TG, because there is not other connection within the theory which could replace
it.
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V. DISCUSSION
The most general gauge transformation of Baµ in the internal space which leaves the
Lagrangian, and the equation of motions, of TEGR invariant is δBaµ = α
a
µ +Dµ
a. While
the first term comes from transformations of Aabµ, the second term is a zero torsion term that
depends in the vector a and can be related to a local translation in the internal space [10].
While the translations in the internal space leave the torsion invariant, the transformation
of Aabµ is a kinematical symmetry valid at Lagrangian level, similarly to the global Lorentz
transformations in SR.
It is worth remarking that both are gauge symmetries of the internal Minkowski space and
as thus, they are missing in GR. There, the univocal definition of the Levi-Civita connection
from the metric (or, equivalently, the tetrad) prevents the existence of inertial frames in a
general case. A consequence of this, is the necessity of defining covariant conservation laws
for the Energy-Momentum tensor, instead of the strict conservation law of equation (16). Al-
though, a non-zero Aabµ will result in a diverging asymptotic value for the energy-momentum
tensor, the gauge symmetry of the flat spin connection ensures that for any value of haµ, it is
always possible to set to zero Aabµ and leave the conservation law for the energy-momentum
free of inertial effects. The implications for a quantum theory of a kinematical connection
that is not observable, at least not by the gravitational effects exerted on matter fields, are
not clear. The future study of the canonical form of TEGR including the Aabµ symmetry
will clarify this aspect.
After a f(R) modification the transformation of Aabµ remains a kinematical symmetry
of the full Lagrangian. Contrary, a general f(T ) modification of the TEGR Lagrangian
breaks the Aabµ symmetry while keeping the matter Lagrangian invariant. Implying that
non-equivalent torsion tensors exert the same gravitational effect on matter and a non-zero
Aabµ is not observable directly by measuring its influence on matter. A similar behaviour of
the torsion in the experimentally viable one parameter family of Teleparallel theories was
considered unphysical by Kopczynski [19] and Nester [20]. On the other hand, a broken
symmetry in the gravitational vacuum can be a source of rich phenomenology with cosmo-
logical implications which could shed light into the origin of dark matter or the dark energy.
This also justifies further studies that deepens on the effect of a broken symmetry in the
gravitation vacuum for a non-observable connections.
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VI. CONCLUSIONS
The necessity of non-zero Aabµ in TEGR has been discussed. It has been shown that its
variations leaves the total Lagrangian unchanged. The Euler-Lagrange equations for Aabµ
leave undetermined the flat spin connection, even in the presence of matter fields. Moreover,
in the minimal coupling prescription of the gravitational field to the matter fields, compatible
with the equivalence principle, the Levi-Civita connection needs to be used and since, it does
not independent on the flat spin connection, the spin angular momentum of matter fields
is shown to be identically zero within TEGR. Although, the energy-momentum tensor is
shown to have extra terms coming from the variation of the Levi-Civita connection respect
to the tetrad.
A kinematical gauge symmetry of the flat spin connection which modifies the torsion but
leaves the Lagrangian density of TEGR invariant has been identified. The changes of the tor-
sion have been analyzed defining an anholonomic field Baµ and it has been shown that gauge
transformations of the flat spin connection, only introduces global acceleration fields which
can be interpreted as manifestation of a local Lorentz transformation. The gauge symmetry
makes the conservation law of the energy-momentum of the gravitational field and matter
of TEGR free of non-inertial effects. At the classical level, the dynamical equations can be
studied making zero trivially the flat spin connections, but considering a non-observable flat
spin connection can be necessary to build a consistent quantum theory of gravitation. Any
f(R) modification of TEGR will maintain the gauge symmetry but a general f(T ) modifica-
tion will break it for the Lagrangian of the gravitational field while keeping the Lagrangian
density of matter invariant. Further studies may decide if a broken symmetry of the vacuum
of gravity is unphysical or if it can be a source of new phenomenology.
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